Basic concepts and snake lemma
The hyperstructure (H, * ) is called an H v -group if " * " is weak associative: x * (y * z) ∩ (x * y) * z ̸ = ∅ and the reproduction axiom holds: x * H = H * x = H for every x ∈ H . The H v -group H is weak commutative if for every x, y ∈ H , x * y ∩ y * x ̸ = ∅.
A multivalued system (R, +, ·) is an H v -ring if (R, +) is a weak commutative H v -group, (R, ·) is a weak associative hyperstructure where the " · " hyperoperation is weak distributive with respect to " + " ; i.e. for every x, y, z ∈ R we have x · (y + z) ∩ (x · y + x · z) ̸ = ∅ and (x + y) · z ∩ (x · z + y · z) ̸ = ∅. By using a certain type of equivalence relations we can connect hyperstructures to ordinary structures. respectively). According to [16] the fundamental relation ε * on an H v -module can be defined as follows:
A nonempty set M is a (left)
Consider the left H v -module M over an H v -ring R . If ϑ denotes the set of all expressions consisting of finite hyperoperations of either on R and M or of the external hyperoperations applying on finite sets of elements of R and M , a relation ε can be defined on M whose transitive closure is the fundamental relation ε * so that for every x, y ∈ M ; x ε y if and only if {x, y} ⊆ u for some u ∈ ϑ ; i.e.:
where
Suppose that γ * (r) is the equivalence class containing r ∈ R and ε * (x) is the equivalence class containing
x ∈ M . On M/ε * the ⊕ and the external product ⊙ using the γ * classes in R are defined as follows:
For every x, y ∈ M and for every r ∈ R ,
The heart of an [15, 16] .
Weak equality (monic, epic), exact sequences, and relative results in H v -modules are defined as follows m 1 )) . Finally, f is called a weak-isomorphism if f is weak-monic and weak-epic.
It is easy to see that every one to one (onto) strong homomorphism is weak-monic (weak-epic), but the converse is not necessarily true. In fact, the concept of weak-monic (weak-epic) is a generalization of the concept 
Lemma 2.1 [13] Let
Proof It is enough to show that Ker(f ) = ω A . We always have ω A ⊆ Ker(f ) . On the other hand, if
Now we prove the snake lemma and close this section.
Theorem 2.2 (Snake lemma in H v -modules) Let
A f / / h B g / / k C / / l ω C ω A1 / / A 1 f1 / / B 1 g1 / / C 1
be a commutative diagram of H v -modules and strong homomorphisms over an H v -ring R with both exact rows. If l is weak-monic, then there exists an exact sequence as follows:
Proof First we want to define α and β . We have
We define α by α(a) = f (a) for every a ∈ Ker(h) and β by
Since Ker(h), Ker(k), and Ker(l) are H v -submodules of A , B , and C , respectively, and f , g are strong homomorphisms, it follows that α and β are strong homomorphisms.
We show that Im(α)
The first row is exact, so there exists
Since k is strong and the diagram is commutative, we obtain ε *
Since f 1 is weak-monic (by exactness and Lemma 2.1), we have Ker(f 1 ) = ω A1 . Therefore, a ∈ Ker(h). 2
Schanuel's lemma in H v -modules
In this section we define the concepts of star homomorphism, (star) isomorph sequences, and star projective H v -modules (we also build and present some examples for these concepts) in order to find a generalization of Schanuel's lemma. We also prove a problem on commutative diagrams.
Every strong homomorphism is a star homomorphism but the converse is not true necessarily by the following example.
Example 1 Let R be an H v -ring. Consider the following H v -modules on R :
(1) M 1 = {a, b} together with the following hyperoperations: 
Definition 3.3 The sequences
ω A −→ A f −→ B g −→ C −→ ω C and ω A ′ −→ A ′ f ′ −→ B ′ g ′ −→ C ′ −→ ω C ′ areω A / / A f / / α B g / / β C / / γ ω C ω A ′ / / A ′ f ′ / / B ′ g ′ / / C ′ / / ω C ′ .
Definition 3.4 An H v -module P is called star projective if for every diagram of strong homomorphisms and H v -modules as follows
such that its row is exact, there exists a strong homomorphism ϕ :
According to [7] , for every strong homomorphism
Lemma 3.5 [13] Let f : A −→ B be a strong homomorphism of H v -modules. Then f is weak-epic (weakmonic) if and only if F is onto (one to one). Thus, f is a weak-isomorphism if and only if F is an isomorphism.
Proof Suppose that f is weak-epic and ε *
Since f is weak-epic, there exists a ∈ A such that ε * B (f (a)) = ε * B (b), but ε * B (f (a)) = F (ε * A (a)). Thus, F (ε * A (a)) = ε * B (b) and consequently F is onto. Conversely, let F be onto. Then, for every b ∈ B , there exists ε * f (a) ). Thus, there exists a ∈ A such that ε * B (f (a)) = ε * B (b) and consequently f is weakepic. The second part is proved in [7] . The third part is an obvious result. 
Proof Let γ : M −→ M be identity on M . Since P 1 is a star projective H v -module, there exists a strong homomorphism β :
) . Now, for every k ∈ K ; f (k) ∈ P 1 and then by exactness of sequence (1) we have β • f (k) ∈ Ker(g 1 ) and so by exactness of sequence
while on the other hand
). Now by Lemma 2.1 and Lemma 3.5, F 1 is one to one and
while on the other hand rk 1 )) ).
). Now by Lemma 2.1 and Lemma 3.5, F 1 is one to one and ε *
, and α is a star homomorphism.
One can check the star commutativity on these star homomorphisms. 2 
Theorem 3.7 (i) Let
ω A / / A f / / B g / / β C γ [1ex]ω A1 / / A 1 f1 / / B 1 g1 / / C 1
be a star commutative diagram of H v -modules and strong H v -homomorphisms with both exact rows. Then there exists a star homomorphism α : A −→ A 1 such that it star-commutes the diagram. (ii) Let
The first row is exact and γ is strong homomorphism. a 1 ) ). Now we define α : A −→ A 1 by α(a) = a 1 . Similar to the proof of Theorem 3.6 one can show that α is a star homomorphism. Also, for every a ∈ A , we have
(ii) Since g is weak-epic for every c ∈ C there exists b c ∈ B such that ε *
The remainder of the proof is straightforward and similar to the proof of (i). 2
Product and direct sum in H v -modules
In this section we define the concepts of the product and direct sum of H v -modules (we also build and present some examples for these concepts), and we determine the conditions to split an exact sequence. 
Definition 4.1 Let M be an H v -module; H and K are H v -submodules of M . M is said to be the direct sum of H and K if
H ∩ K ⊆ ω M and ε * (H + K) = ε * (M ). We denote it by H ⊕ K = M .
Example 2 For every
and
By applying f on Eq. (3) we obtain f (m) = f 2 (m 1 ) = f (m 1 ) = m as a member of ω M by Eq. (4), so
. Now, for every m ∈ M , we have:
Let {M i } i∈I be a nonempty collection of H v -modules. The product of this collection,
with the following hyperoperations is an H v -module: 
(ii) For every exact sequence
, where a is an arbitrary member of ω M1 , is a star homomorphism. In particular, if there exists a t ∈ ω M1 such that t + t = t, then λ 2 is a strong homomorphism.
On the other hand,
Similarly, we obtain P k (r(x i )) = rP k ((x i )) .
(ii) We have
Similarly, ε * (λ 2 (rx)) = ε * (rλ 2 (x)).
(iii) The proof of this part is straightforward. 
Proof The proof is straightforward. 2
We want to define the inverse of a weak-isomorphism to determine the conditions for splitting an exact sequence.
Lemma 4.5 Let
Proof Since f is a weak-isomorphism by Lemma 3.5, F is an isomorphism and has an inverse. For every n 1 , n 2 ∈ N we have
From Eq. (5) and Eq. (6) we obtain ε * M (f −1 (n 1 + n 2 )) = ε * M (f −1 (n 1 ) + f −1 (n 2 )) (notice that for every n 1 , n 2 ∈ N , n 1 + n 2 ⊆ ε * N (n) for some n ∈ n 1 + n 2 ). Similarly, we obtain ε * M (f −1 (rn)) = ε * M (rf −1 (n)).
Finally, for every m ∈ M we have
and for every n ∈ N , f • f −1 (n) = f (m n ), where m n ∈ F −1 (ε * N (n)), but f (m n ) ∈ ε * N (n). 
is exact:
then the sequence (7) is star isomorph with the sequence
(ii) If the sequences (7) and (8) 
